Abstract. Small-and large-amplitude oscillatory shear tests are widely used by experimentalists 3 to measure, respectively, linear and nonlinear properties of visco-elastic materials. These tests are 4 based on the quasi-static approximation according to which the strain varies sinusoidally with time 5 after a number of loading cycles. Despite the extensive use of the quasi-static approximation in solid 6 mechanics, few attempts have been made to justify rigorously such an approximation. The validity of 7 the quasi-static approximation is studied here in the framework of the Mooney-Rivlin Kelvin-Voigt 8 visco-elastic model by solving the equations of motion analytically. For a general nonlinear model, 9 the quasi-static approximation is instead derived by means of a perturbation analysis. 10
1. Introduction. According to Truesdell [24] , the most illuminating homoge-14 neous static deformation is the simple shear deformation. Denoting (X, Y, Z) and 15 (x, y, z) the Cartesian coordinates of a particle P of a given body B in the reference 16 and current configurations, respectively, the simple shear deformation is given by the of a triaxial stretch superposed on a classical simple shear deformation, for which 38 the amount of shear cannot be greater than 1. In other words, the faces of a cubic 39 block cannot be slanted by an angle greater than 45
• by the application of a pure
40
Rivlin model is only a special case of the most general strain energy function such 48 that Hooke's law is obeyed in simple shear.
49
In many experimental tests it is common practice to idealize the deformation that 
67
In solids mechanics there have been very few attempts to justify rigorously the 68 quasi-static approximation. The quasi-static approximation is widely employed (see,
69
for instance, [2] and [19] ), but it is not completely clear when it represents a good 70 approximation of the exact solutions to the equations of motion.
71
A general discussion of the quasi-static approximation in solid mechanics can be 72 found in [11] . In the literature very few mathematical results to study this approxima- interval (0, T ) is a mapping χ defined in B r × (0, T ) such that, for any t ∈ (0, T ),
97
χ t ≡ χ(·, t) is one-to-one, and x = χ(X, t). The configuration of the solid at time t,
98
B t = χ t (B r ) = χ(B r , t), is called current configuration. The deformation gradient F
99
and the left Cauchy-Green tensor B associated with the motion χ are the second-order
100
Cartesian tensors defined as
respectively, and the strain-rate tensor is instead given by
where the superimposed dot denotes the material time derivative. In the sequel we
105
shall consider a solid made of an incompressible visco-elastic material. Such a solid
106
can then undergo only isochoric motions, that is motions such that det F = 1 and,
107
for smooth enough motions, trD = 0.
108
The elastic part of the model is characterized by a strain-energy density (measured 109 per unit volume in the undeformed state)
where I 1 and I 2 are the first and second principal invariants of B:
113
For consistency of the model (4) with linear elasticity in the limit of small strains, it 114 is necessary that
where the subscript i (i = 1, 2) denotes differentiation with respect to I i and µ is the 117 infinitesimal shear modulus. Since throughout this paper we shall assume that the 118 strain energy function (4) satisfies the strong ellipticity condition, the infinitesimal 119 shear stress is assumed to be positive [18] .
120
The strong ellipticity condition is satisfied by many strain energy functions, in-
121
cluding the Mooney-Riviln model
where, in virtue of (6), the non-negative constants C and D are such that C + D = µ; 
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where i 1 and i 2 are the first and second principal invariants of the left stretch tensor
where κ is a positive constant; and the Gent model [9] 130 (10)
where J m is a constant and the range of deformation is limited by the condition hence in shearing motions) Mooney-Rivlin model reduces to (11) .
137
The elastic part σ E of the Cauchy stress tensor σ can be derived from the strain-
138
energy function (4) through the following equation
where p is a Lagrange multiplier associated with the constraint of incompressibility. 
given by the following constitutive equation
Finally, we recall that, in the absence of body forces, the equation of motion reads
where ρ is the (constant) mass density of the material and
is the spatial description of the acceleration. Specifically, the motion is given by
where the function u is as yet unknown. Straightforward computations give
where the subscript notation for differentiation is adopted. From (14) and (18) the 167 shear stress σ 13 is found to be
13
.
169
Next, in view of (6), (14), (17) and (18), the equations of motion (15) read
171
We now assume that the normal stress vanishes on the boundary Z = H. Thus,
172
with the aid of (14) and (18), we derive the boundary condition
Then, from (20) and (21) we deduce that the Lagrange multiplier p is given by
176
In this way, the equations of motion (20) reduce to the single partial differential
179
Since our main goal is to justify the SAOS procedure, for most part of this paper
180
we shall be interested in a shearing regime such that, setting
184
As a consequence of this assumption and the consistency condition (6), 
while we prescribe the initial velocity profile by
where f is a given function of the height Z. We further assume that the only nonzero 199 component of the displacement field x − X satisfies the boundary conditions 
204
In SAOS and LAOS tests between parallel plates g 0 (t) ≡ 0 and g H (t) ≡ A sin(ωt),
205
A and ω being constants (see Section 6).
206
We conclude this section by pointing out that very few analytical results for the (32)
Proof. The hypothesis implies that w ≡ u 1 − u 2 satisfies the following IBVP 
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225
Proposition 2. Assume that f ≡ 0, g 0 and g H are bounded, and
Let u be the generalized solution to (27)-(30). Then
Moreover, if g 0 and g H are continuously differentiable with bounded first deriva-232 tives such that
then the only non-zero component of the velocity field v = u t satisisfies the inequalities
From (35) and (36) it follows that both (u − Λ m ) − and (u − Λ M ) + satisfy the IBVP 241 (33). Therefore, by virtue of Proposition 1 we deduce that
whence (37) is proved.
244
Next, the only nonzero component of the velocity v = u t satisfies the IBVP as in the proof of (37), one can prove inequalities (40).
249
The next result shows that, on a long time scale, the solution to the IBVP (27)-
250
(30) is not affected by the velocity field at the initial time.
251
Proposition 3. Let u andū be generalized solutions to the partial differential 252 equation (27) satisfying the initial condition (28) and the boundary conditions (30).
253
Assume
spective of the initial condition that u t satisfies, u −ū 2 → 0 as t → +∞.
255
Proof. Assume that u(Z,
solution to the following IBVP:
Solving the IBVP (44) by means of the method of separation of variables gives 
where u 0 and ψ are the solutions to the following IBVPs
respectively.
289
Solving the IBVP (52) by means of the method of separation of variables gives
with a n , N n (t) and λ n as in (46), (47) and (48) ψ, we obtain a hierarchy of Cauchy problems for Φ n : 
Obviously, this approach makes sense if and only if ψ(·, t) ∈ X for any t ≥ 0, i.e.,
307
if and only if with a n , N n (t) andÑ n (t) as in (46), (47) 
and Re = ρωAH/ν and Wi = νω/µ are the Reynolds and Weissenberg numbers, Solving the IBVP (63) as indicated in the previous section gives
where 339 (67) satisfies (65) and is such that (66)- (71) we deduce that u − u ∞ → 0 as t →
364
+∞, where
373
If F satisfies the milder conditions stated at the end of Section 6, then the generalized Integrating the in-phase and out-of-phase components separately, the mechanical 394 work W ∞ done per loading cycle is
398
Hence, the in-phase components produce no net work when integrated over a cycle,
399
whereas the out-of-phase components result in a net dissipation per cycle equal to 400 πα ′ (1). It is worth noting that the work done per loading cycle tends to π as δ → +∞ 401 like in the case of slowly oscillating upper boundary (Section 6.3), while
for δ = 0, that is for a Newtonian fluid. 
by which it is evident that the phase lag between σ ∞ is Θ.
426
We finally observe that when the upper boundary oscillates slowly, from (81) the 427 mechanical work done per loading cycle approximates to
7. Nonlinear case. We now consider regimes which do not satisfy the restriction 430 (25).
431
In a fully nonlinear (differential) theory the (dimensionless) equation governing 432 shearing motions is of the form
434
A satisfactory qualitative study of equation (88) 
is the dimensionless generalized shear modulus. When ε is small, that is the Reynolds 450 number satisfies the inequality (83), the inertial term can be neglected at large enough 451 times and thus the quasi-static solution u(Z, t) = Z sin t approximates the solution to
452
(89) provided that the generalized shear modulus Q satisfies appropriate conditions.
453
However, the inertial term cannot be neglected at small times. In fact, if one neglects 
464
Expanding u as
and collecting terms of the same order in ε give the following hierarchy of approxima-467 tions:
at order O(ε 0 ), and
473
By solving (93) and (94) we deduce that the effects due to the nonlinear general- (98)
u(0,t) = 0, u(H,t) = sint.
489
As before, expanding u as
and collecting terms of the same order in ε yield the following hierarchy of approxi-492 mations:
499
In solving (100) and (102) 
555
In view of (108), we introduce the functionŴ (λ) = W (I 1 (λ), I 2 (λ) 
